In this work finite element simulations are conducted based on the micro structure of polymers in order to transfer the information of the micro level to the macro level. The micro structure of polymers is characterized by chain-like macromolecules linked together at certain points. In this way an irregular three-dimensional network is formed. Many authors use the tool of statistical mechanics to describe the deformation behaviour of the entire network. Most of these concepts can be reformulated as traditional continuum mechanical formulations. They are, however, restricted to affine deformation, regular chain arrangements and purely elastic material behaviour. For this reason, in the present contribution, we propose a new finite element-based simulation method for polymer networks which enables us to include non-affinity and arbitrary chain configurations. It can be easily extended to include chain breakage and reconnection.
Introduction
The microscopic structure of polymers consists of long, randomly oriented molecular chains which are linked together at certain points. In this way an arbitrary three-dimensional network is formed. In addition there exist intermolecular interactions between the particular atoms which have an important influence on the dilatational response of rubber-like material (see e.g. Gaylord, 1979; Ball et al., 1981; Gao and Weiner, 1991; Lodge, 1999) . micro to the macro transition is discussed in Section 4. Section 5 gives a circumstantial survey of the numerical simulation. We examine in detail the influence of micro mechanical properties, such as e.g. the chain length and the chain configuration, on the macroscopic behaviour. The section closes with a study of convergence with respect to mesh refinement. In Section 6 the proposed concept is validated by means of a comparison with experimental results. The paper closes with a summary and an outlook to future work.
Material modelling

Statistical mechanics of the micro structure-the single chain
One fundamental material property of rubber-like material is its high elasticity which permits stretching of several hundred percent. The reason for this behaviour is the particular micro structure of rubber. It is characterized by a huge number of chain-like macromolecules which form a three-dimensional network. The material exhibits so-called statistical behaviour, i.e. the network configuration actually taken on by the material is the most probable one under the given circumstances.
The aim of this section is to describe the material behaviour of a single chain. This problem was e.g. tackled by Kuhn and Grü n (1942) . By means of the so-called Langevin function LðbÞ ¼ coth b À 1=b it is possible to derive an expression for the entropy of the single chain. Assuming further that the internal energy of the chain can be neglected the Helmholtz free energy is given by
In Eq.
(1) the stretch of the single chain is described by k chain = r/r 0 where r describes the end-to-end distance of the loaded chain and the initial chain length is represented by r 0 ¼ l ffiffi ffi n p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi ð1 þ cos #Þ ð1 À cos #Þ s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ð1 þ cos uÞ ð1 À cos uÞ
The variable u describes the rotation angle. The bond angle # = 180°À d can be calculated by the use of the valence angle d (see also Fig. 10 ). For a discussion of the influence of r 0 on the macroscopic behaviour, see Section 5.3. The factor b can be expressed in form of the series expansion (see e.g. Kuhn and Grü n, 1942) 
It is recognized in (3) that b depends on n, the number of approximation terms in the series expansion, here called TA, and on c. Fig. 1 shows the influence of n and TA on the relation between the chain force
and the stretch of the single chain k chain . An increase of n leads to a decrease of the chain stiffness, especially for higher stretches (see Fig. 1(a) ). A similar tendency is observed if TA is decreased (see Fig. 1 (b)). At the chain level we do not obtain a converged solution with increasing TA. This is certainly a surprising result which has not yet been documented in the literature (to our knowledge). However, it will be shown in Section 5.3 that convergence is obtained at the macro level (see Fig. 8(a) ). Ten terms in the series expansion (TA = 10) are sufficient. Fig. 2 depicts the influence on the force-stretch behaviour of the third parameter c for a single chain. The valence angle is usually equal to 109.5°(# = 70.5°). The rotation angle (described by u) varies between À120°a nd 120°. Accordingly c lies in the interval 0.8165 < c < 1, however typically around 1 (u = 109.5°). In the present work the characteristic angles have been assumed to be constant for simplicity. Future investigations should be directed to include statistical distributions.
An increase of c leads to stiffer force-stretch behaviour. It is easy to find an explanation for this observation if one compares the chain with one of the truss configurations shown in Fig. 3 . The totally extended state (indicated by the index ''ex'') is reached at k ex ¼ r ex =r 0 ¼ nl=ðnl cos #Þ ¼ 1= cos #. The value of k ex for configuration 2 is smaller than for configuration 1 (# 2 < # 1 ). Even if all trusses have the same stiffness and the force-displacement relation is linear, different curves are obtained. A similar effect is seen in Fig. 2 where, however, the slope of the curves is always positive and the increase of the force therefore more smoothly.
We also emphasize the well-known fact that the force is not zero for k chain = 1. It vanishes for k chain = 0, i.e. r = 0 (see Figs. 1 and 2 ). This result arises from applying statistical mechanics where the most probable configuration of the unloaded chain is the one where the end-to-end distance becomes zero.
Additional volumetric contribution
In Section 2.1 we have recognized that the statistical properties of a single chain only depend on geometrical parameters and can therefore be modelled in a relatively simple way. However, intermolecular interactions, in particular the effect of the well-known van der Waals forces, cannot be completely neglected because they are mainly responsible for the fact that rubber is almost incompressible. The action of the van der Waals forces cannot be simulated by using truss elements because the latter only serve to represent the force-stretch relation given in (4). As such they cannot undergo compressive loads. Additionally it has been observed that an arbitrary three-dimensional network of these truss elements (under tensile loading) gives us a macroscopic response where the volume enclosed by the structure is not preserved when the structure deforms. This contradicts the important experimental observation that rubber exhibits approximately incompressible behaviour. Both these difficulties are due to the fact that there is no force between the chains to keep them apart from each other as observed in reality. In order to obtain (near-) incompressible material behaviour, it is necessary to have something ''between the chains''. To give the structure additional volumetric stiffness, we fill the space between the chains with artificial material. The latter is modelled by means of the Helmholtz free energy function per reference volume
where J = det F denotes the determinant of the macroscopic deformation gradient F and K is the bulk modulus.
Finite element formulation
According to the introductory remarks at the beginning we establish a finite element unit cell that consists of one tetrahedral element and six truss elements lying on each edge of the tetrahedron, see also Fig. 4 . The Helmholtz free energy of one unit cell then includes one contribution coming from the tetrahedral element (W tetr ) and another one coming from the truss elements (W truss j , j = 1,. . ., 6): In Fig. 4 a typical unit cell is shown. The straight lines represent the outline of the tetrahedral element, the truss elements are indicated by the curved lines. In reality, the number of chains per volume is huge. This fact makes it impossible to replace each chain by one truss element. Fortunately, this is not necessary because the macroscopic stress-strain behaviour is already described with sufficient accuracy if one truss element is used as representative of several polymer chains, i.e. a bundle of chains (see the enlargement of Fig. 4 ). The Helmholtz free energy function of the truss element j (j = 1,. . ., 6) has then the form
with
In Eq. (7) A 0j is the cross-section and L 0j the length of the truss element in its undeformed state. As will be shown in the following derivation (see Eqs. (10)-(15)) these two quantities can be removed from the formulation. If this were not the case we would run into the difficulty to choose physically reasonable values for A 0j and L 0j . Evidently it is not possible to determine the cross-section of a chain. The length L 0j could be in some way related to the initial end-to-end distance r 0j . However, since n, l, # and u are known, such a connection would pose a restriction on the size of the elements and therefore increase the computational effort enormously. In summary, the fact that the geometry of the FE mesh (expressed in terms of L 0j and A 0j ) is not directly coupled to the geometry of the polymer network can be considered to be a very advantageous feature of the model. The parameter
defines the ratio between N, the number of polymer chains per reference volume and N truss , the number of truss elements in the same reference volume. f chain ranges between 1 (i.e. N truss = N, one truss element per chain) and N (i.e. N truss = 1, one truss element for all chains). It is clear that the aim must be to make f chain as large as possible, because then the minimum number of elements and therefore maximum computational efficiency is obtained. On the other hand, convergence has to be achieved (see Section 5.4). This is the case when a decrease of f chain does not alter the macroscopic result. At this point it is assumed that the chains and the trusses are approximately uniformly distributed in the structure. This justifies the assumption that N, N truss and therefore also f chain are constant parameters. In the case of inhomogeneous distributions of either the chains or the trusses the parameters N or f chain , respectively, should be varied accordingly. For the use of the finite element formulation we establish the weak form of the balance of linear momentum (volume forces and inertia terms neglected)
where n z denotes the number of finite element cells. Here g int z represents the virtual work of the internal forces in one unit cell, the summand g ext is the contribution of the external loading. The part g int z is given by
where the coordinate X j points in the longitudinal direction of the truss j, and L j is its current length. The quantity V 0z denotes the volume of the unit cell (i.e. the tetrahedral element) in its undeformed state. The expression oW tetr /oJ is equal to the hydrostatic pressure multiplied by J whereas oW truss j /oL j represents the force in the truss j divided by the cross-section A 0j .
Truss contribution
Using (11), the second part of the latter equation is alternatively represented as
In (12) W chain j is considered as a function of k chain j = L j /L 0j alone, i.e. b j has already been replaced by the expression (3). Further, we have introduced the non-dimensional coordinate
Inserting the stretch-displacement relation k chain j = B chain j U z one finally obtains for the truss contributation of g int z the relation
The vector U z contains the corresponding 12 degrees-of-freedom. The matrix B chain j is given by the relation B chain j ¼ ½ð1 þ u ;X j Þv ;X j w ;X j where
are the derivatives of the three displacement components u, v and w (interpolated by linear shape functions) with respect to X j . The numbers 1 and 2 refer to the nodes 1 and 2 of the truss element, respectively.
Tetrahedral contribution
Analogously to k chain j ¼ B chain j U z the quantity J is expressed via J = B tetr U z where the vector B tetr is a function of the so-called tetrahedral coordinates (see e.g. Zienkiewicz and Taylor (2000, Section 8) for more details). In the finite element technology it is well-known that tetrahedral elements based on usual linear interpolation functions tend to volumetric locking in the limit of incompressibility. Different methods have been developed to avoid this phenomenon. One simple remedy against locking is the method of selective reduced integration where the volumetric part of the material response is only evaluated in the so-called centre of the element (indicated by the index 0). Such an idea can also be realized easily for the method proposed in this paper. The tetrahedral contribution of g int z then reads:
As an additional advantage, one gains computational efficiency because the element quantities have to be evaluated only once (in the centre of the tetrahedral element). Another possibility to circumvent the locking phenomenon is to work with higher order interpolation functions. The disadvantage of finite element simulations based on such higher order elements is the increase of the band width in the global equation system which leads to a noticeable increase of the computational effort. Alternatively so-called mixed methods (see e.g. Wriggers (2001, Section 10) for more details) or special mixed methods based on the sub-scale method (see Chiumenti et al., 2002) can be employed. In the context of the present examples it has been found that working with selective reduced integration provides satisfactory convergence behaviour. According to our present state of knowledge it is therefore not necessary to put more effort into the issue of finite element technology. This aspect should be, however, further investigated in the context of industrial applications.
After the discretization of the external loading term g ext ¼ dU T F ext , the assembling procedure and the implementation of the displacement boundary conditions one finally arrives at the non-linear equation system
where U represents the global nodal displacement vector and R truss (R tetr ) the global residual force vector of the truss (tetrahedral) contribution.
Micro-macro transition
It is important to state clearly at which point the micro-macro transition takes place. In Section 2 the chain stretch k chain has been defined as the ratio between the current end-to-end distance r and the end-to-end distance r 0 in the undeformed state of the network. At the finite element level we compute k chain j by means of the quotient L j /L 0j . We therefore obtain the important connection
between the micro scale (quantities r j , r 0j ) and the macro scale (quantities L j , L 0j ). We can also draw the crucial conclusions that (i) the current length L j of the truss element is in general not equal to the end-to-end distance r j of the chain, (ii) the truss lengths L 0j can be chosen independently of the chain geometry.
Numerical simulations
The aim of this section is to study how the deformation behaviour of the network deviates from the one of the single chain. For this purpose we generate a finite element mesh with 37 116 truss elements per mm 3 and choose the boundary conditions suitably to model homogenous deformation states. Fig. 5(a) shows the undeformed and (b) the deformed mesh for uniaxial tension. The parameters for these calculations read n = 30, c = 1, N = 1.910 · 10 21 mm À3 , f chain = 5.146 · 10 16 (N truss = 37 116 mm À3 ), K = 10 5 N/mm 2 , TA = 10, k = 1.380662 · 10 À20 N mm/K and H = 273 K. It should be emphasized that the values of n, c (#, u) and N are known immediately when the components of the polymer mixture are known. The BoltzmannÕs constant k is certainly fixed, too. We further consider only isothermal processes (H = const.). To enforce (near-)incompressibility, the bulk modulus K which plays the role of a penalty parameter has to be chosen as large as possible. The only user-defined parameter is the ratio f chain = N/N truss or, alternatively, the number of truss elements per reference volume N truss .
General network behaviour
To understand the network behaviour it is instructive to look at the chain stretch distribution for various deformation cases, e.g. pure shear (k 1 = k, k 2 = 1 and k 3 = 1/k) and uniaxial compression.
In the pure shear experiment the average truss length is calculated to read L aver = 0.137 mm. The stretch values of the chain bundles are plotted in Fig. 6 (a) (k network = 5: k chain aver = 2.56, k network = 9: k chain aver = 4.42). The result is obvious. An increase of the prescribed network stretch must lead to an increase of the average chain stretch k chain aver in this case. Due to the unstructured discretization the chain stretch distribution becomes at the same time more diverse.
Secondly we perform the simulation of uniaxial compression. Due to the fact that the material is almost incompressible the chains perpendicular to the loading direction are stretched whereas the chains in loading direction are compressed. The load is taken by the tetrahedral elements. In the perpendicular direction the macroscopic stress contribution coming from the tetrahedral elements has the same absolute value as the macroscopic stress resulting from the tension of the chains. Since the signs of the two stress contributions are, as expected, different, the total macroscopic stress in this direction vanishes. The average stretch in the single chains is significantly smaller than in the other examples (k network = 0.15: k chain aver = 2.03), see Fig. 6(b) .
The behaviour of the chains for the load case uniaxial compression is additionally visualized by means of the angle a which is defined as the angle between the truss element and the plane perpendicular to the loading direction. Fig. 7(a) shows the angle distribution in the undeformed state (crosses) and the deformed state (bars) of a uniaxial compression simulation. In the undeformed case a relatively uniform distribution is seen. This changes when the load is applied. Then the number of small angles, especially a = 0, becomes much larger, i.e. the number of chains which are lying perpendicular to the loading direction increases. These chains are loaded with higher forces, see Fig. 7(b) .
Influence of TA on the macroscopic material behaviour
The dependence of the network response on number of terms in the inverse Langevin function is studied in Figs. 8(a) and (b), 9(a) and (b) where the deformation states uniaxial tension, biaxial tension, pure shear and uniaxial compression, respectively, have been considered. If only one term in the series expansion is used (TA = 1) the curve exhibits Neo-Hooke-like material behaviour. If TA is clearly larger than one, the classical S-shaped function is obtained (Ogden-like material behaviour) . This is especially visible in the case of uniaxial tension. The curve for uniaxial compression (Fig. 9(b) ) is significantly different from the other three. This can be explained by the fact that the average stretch in the single chains is much smaller than in the other examples (k network = 0.15: k chain aver = 2.03), see Fig. 9(b) . Therefore the macroscopic response is in this case practically independent of TA.
In summary, TA should be large enough to yield a converged solution. Fig. 8(a) shows that 10 terms are usually enough. The choice of TA = 1 is special in the regard that then a Neo-Hooke material is obtained. However, the latter model is not realistic for large stretches.
Further it is important to note that, independently of TA, the macroscopic stress vanishes for k network = 1 as expected from the physical point of view. The fact that the chain force does not vanish for k chain = 1 does not have a non-physical effect on the network response.
Interaction between the micro and the macro structure
One of the advantages of the present model is the possibility to transfer the information from the micro level to the macro level and contrariwise. The possibility to obtain the information of both levels during a calculation leads to a better understanding of the mechanical behaviour of rubber-like materials.
Influence of the chain length
The first interesting issue is the dependence of the macroscopic material response on the chain length. In Fig. 10 an undeformed chain (end-to-end distance r 0 ) consisting of six chain segments is shown (n = 6).
The calculation of the real chain length is certainly very complex and difficult because every polymer chain has random shape, to be expressed in terms of the number of links n and varying segment lengths and rotation angles. Using the assumptions that (i) all segments have the same length and (ii) the valence angle d and the rotation angle u are constant within one chain, the end-to-end distance of the chain in the undeformed state can be computed with the relation (2): r 0 ¼ l ffiffi ffi n p c, see Flory (1969) . Among the three parameters l, n and c which control the initial chain length r 0 only the quantities n and c enter the Helmholtz free energy function W chain . Thus the finite element result is independent of l. In other words, using the same finite element discretization and boundary conditions for a group of polymer networks defined by the prescribed parameters n, c, N and an arbitrary segment length l leads to the same results, i.e. the same chain stretches k chain j in each truss element. Certainly the resulting current chain lengths computed by r j ¼ k chain j ðl ffiffi ffi n p cÞ j depend again on l. In contrast, the finite element solution depends noticeably on the choice of c and n. For u = 90°and decreasing # the value of c increases. This means practically that r 0 increases if all other chain properties are left unchanged. Considering the same argument as used in Section 2.2 (see also Figs. 2 and 3) it can be expected that the stiffness of the polymer network increases, see Fig. 11 . The simulation has been based on the parameters n = 10, N = 2.071 · 10 22 mm À3 , f chain = 2.329 · 10 18 (N truss = 8892 mm À3 ), K = 10 6 N/mm 2 and TA = 10. Another method to influence the initial chain length is to modify the parameter n. In Fig. 1(a) it has been observed that the chain stiffness increases with decreasing n. Note that this effect cannot be explained by means of the truss analogy discussed in Section 2.1. It is rather a non-linear effect caused by the statistical properties of the polymer chains. Again the polymer network exhibits a behaviour similar to the single chain, see Fig. 12 . The stiffness of the network decreases with increasing n.
It should also be emphasized that in the limit n ! 1 a Neo-Hooke-like curve is obtained whereas a moderate n leads to a S-shaped stress-stretch function. Similar behaviour has been observed in the context of a varying TA, see Section 5.2.
Non-affinity
Most network models are based on the assumption of affinity. It means that the length of a single chain is changing to the same extent as the dimension of the whole network. In Fig. 13 (k 1 = k, k 2 = 1/k, k 3 = 1) has been applied. If the four-chain network obeys affinity all four chains undergo the
e. all four chains are equally long and the centre point stays in the centre of the specimen, independently of the size of k.
In the present model it is easily possible to deviate from affinity. If two chain bundles (truss elements) undergo the same stretch k chain their end-to-end distances can be different:
Conversely, if the macroscopic deformation is prescribed in such a way that for geometrical reasons two chain groups must have the same end-to-end distance r 1 = r 2 , this does not necessarily require k chain 1 = k chain 2 . Thus, as stated above, we are able to model non-affine deformation if different values of n or c are incorporated into the FE model. To illustrate non-affine deformation behaviour we look at the smallest possible network consisting of eight truss elements (see Fig. 14) and perform uniaxial tension simulations by using the following parameters: c = 1, N = 7.975 · 10 16 mm À3 , f chain = 9.968 · 10 15 (N truss = 8 mm À3 ), K = 10 6 N/mm 2 and TA = 7. In the first simulation we select for every chain bundle the same number of links (n = 8). As expected the deformation of the network is affine. In the second simulation we work with the distributions 1 and 2, see the inset of Fig. 14(a) . The dotted lines represent chains where n is chosen to be equal to 4 whereas the chains plotted as solid lines have 12 chain links (n aver = 8). The average number of segment links amounts in both cases to 8.
Only for distribution 1 the resulting deformation turns out to be non-affine. For symmetry reasons distribution 2 leads to an affine deformation. The stress-stretch curve agrees with the one for n = const. = 8. The network response is much stiffer than in the simulation based on distribution 1 although the same average value for n has been used. This can be explained by a simple linear consideration (see Fig. 15 ). Distribution 1 can be described by means of two pairs of parallel springs which are in series (see Fig. 15(a) ). For the first pair we obtain the stiffness c % = 2c 1 , the second pair yields c % = 2c 2 . The spring pairs in series yield the total stiffness c tot1 = 2c 1 c 2 /(c 1 + c 2 ). For distribution 2 we have two springs in parallel: c % = c 1 + c 2 . The two springs with the stiffness c % can be considered to be in series. We then obtain a total stiffness of c tot2 = (c 1 + c 2 )/2. Inserting c 1 = 4 and c 2 = 12 leads to c tot1 = 6 and c tot2 = 8, i.e. the second configuration yields the stiffer response. A similar observation is made in the non-linear case where the differences between the curves for the two distributions are relatively large.
In the two last simulations the value of n has been varied over a certain range, in the first case from n min = 3 to n max = 21 (distribution 3), in the second case from n min = 3 to n max = 11 (distribution 4). The average value of n (n aver ) is in both cases equal to 8. As expected, the former case leads to a more distinct deviation from affinity, the material response is stiffer than in the simulation with the smaller range of n (3 6 n 6 11).
It is further interesting to investigate how different distributions of n influence the behaviour of more complex polymer networks. In comparison to the previous set of parameters we change only the discretization. We have now f chain = 8.968 · 10 12 (N truss = 8892 mm À3 ). The results are shown in Fig. 14(b) . Four different kinds of distributions are tested: (1) n = const. = 8, (2) two chain groups, n aver = 8, (3) diverse distribution with 5 6 n 6 20 (n aver = 8), (4) diverse distribution with 5 6 n 6 200 (n aver = 8). The results for the distributions (1), (2) and (3) are almost equal and approximately affine. The curve (4) deviates from the other three, it shows a slightly stiffer response. In comparison to the observations made at the coarse network it can be said that the more complex network reacts much more insensitively to inhomogeneities in the chain distribution. Obviously the influences of high and low values of n balance each other in complex chain configurations. For this reason the range of n has to be very large in order to achieve a significant influence on the stress-stretch response. 
Influence of an inhomogeneous chain bundle arrangement
Non-affine behaviour can also be generated artificially by working with an inhomogeneous chain bundle arrangement. Practically this means that the truss elements are not uniformly distributed in the structure but concentrated on a certain domain. In order to investigate this influence four uniaxial tension tests were simulated with different finite element discretizations, see the insets of Fig. 16(a)-(d) . The degree of inhomogeneity increases from (a) to (d). The following parameters were used: n = 9.5, c = 1, N = 3.793 · 10 22 mm À3 , f chain = 3.230 · 10 17 (N truss = 117 420 mm À3 ), K = 10 6 N/mm 2 , TA = 5. The results of the simulations are shown in Fig. 17 . Interestingly the stiffness of the material on the macro level decreases with increasing degree of inhomogeneity.
The explanation of this phenomenon is similar to the one given in Section 5.3.2. Let us consider a unit cube (side length equal to 1 mm) which is divided into two equal parts arranged above each other. We put 200 chains and 100 truss elements into this cube (N = 200 mm À3 , N truss = 100 mm À3 ) and introduce a parameter a (0 < a < 1) to describe how the trusses are distributed among the two sub-structures:
It is assumed that the chains are distributed approximately homogeneously. The value of N is therefore constant. The ratios f chain 1 and f chain 2 are then computed with In order to account correctly for the inhomogeneous chain bundle arrangement it would be necessary to work domainwise with different values of f chain . Instead, f chain has been held constant in the simulation. Referring to our simple example this means that in the first sub-structure we obtain
For the second structure we compute the value N 2 = f chain N truss 2 = (1 À a)N. The chain densities N 1 and N 2 can be seen to be proportional to the stiffnesses of the sub-structures. If these are interpreted as springs, they act in series, i.e. the resulting stiffness must be proportional to a(1 À a)N.
The function a(1 À a) has a maximum at a = 0.5. For this reason the homogeneous chain bundle arrangement (a = 0.5) yields the highest stiffness. The closer a approaches 0 or 1, respectively, the softer is the material behaviour at the macro level. It can be concluded that in meshes with strongly varying element sizes the parameter f chain should be adapted according to the mesh density. It is then not suitable to treat it as a constant. One possibility is to split the mesh into various regions which are characterized by a certain mesh density (N truss ). Knowing the value of N the parameter f chain can be computed for each region separately. Note again that f chain represents the number of chains in one chain bundle (truss element). In this way using a varying f chain in an approximately homogeneous mesh serves to model a varying chain density inside a structure.
Studies of convergence
It has been mentioned before that the ratio f chain is certainly a crucial indicator for the computational effort. An increase of f chain means a decrease of the number of elements. Although the proposed FE approach has the important advantage that (besides f chain ) only physically based parameters are used, it would not be very useful if the element density exceeded by far the one of conventional finite element calculations (based on continuum mechanical material laws). The purpose of the present section is therefore to study the macroscopic stressstretch behaviour in dependence of f chain . We stress the fact that such an investigation is only useful if the stress or strain state, respectively, is not homogeneous. Otherwise every unit cell exhibits (approximately) the same deformation state. Obviously then the macroscopic result is (almost) independent of the number of elements and consequently also independent of f chain (see Figs. 18 and 19) .
Block under compression
The first inhomogeneous example is a block under compression, see the inset in Fig. 20 . The input parameters for this simulation read: n = 10, c = 1, N = 2.266 · 10 19 mm À3 , K = 10 6 N/mm 2 and TA = 1. Fig. 21 shows the deformed mesh including the truss forces (N truss = 22 050 mm À3 ). In Fig. 20 the load-compression curves obtained with different meshes (2754 mm À3 6 N truss 6 87 060 mm À3 , f chain changed accordingly) are plotted. The compression level is computed with c = w/H, where w is the maximum displacement measured at point A, see the inset in Fig. 20 , and H denotes the height of the block. The variable m = p/p 0 represents the load factor where the reference value was chosen to be p 0 = 450 N/mm 2 . The calculations show good convergence behaviour with increasing number of elements (see Fig. 20 ).
Inhomogeneous simple shear
In the second example the finite element simulation of simple shear has been carried out. Again, different meshes were used, varying from N truss = 600 mm À3 to N truss = 37 116 mm À3 . The computation is based on the input parameters n = 10, c = 1, N = 2.011 · 10 19 mm À3 , K = 10 6 N/mm 2 and TA = 1. Fig. 22 shows the chain forces in the deformed mesh (N truss = 23 520 mm À3 ). The convergence with increasing number of elements, see Fig. 23 , is even better than in the first example. This can be explained by the fact that the shear deformation is by definition approximately volume-conserving. Therefore the locking effect which in the present examples is caused by the constraint of (near-)incompressibility (''volumetric'' locking) does not have such a serious influence as in the first example. In summary, it may be stated that we are able to simulate inhomogeneous deformation states with a computational effort comparable to conventional computations. So, the present approach should also be suitable for industrial applications. Note again that its main advantage is that the fit of any material parameters is not necessary if the polymer chemist is able to provide the ''micro mechanical'' parameters n, N, # and u.
Rubber boot
In Fig. 24 the half of a rubber boot is shown. The boot is bounded by two rigid steel plates. The lower plate is hold fixed. The vertical displacement u and the rotation u of the upper steel plate are controlled. The convergence behaviour is very similar. In both computations 6250 tetrahedral elements or unit cells, respectively, are sufficient to obtain a converged solution. The shorthand notation ''u-p'' refers to a two-field mixed element formulation. It should be also emphasized that these meshes include the same number of degrees-of-freedom because the nodes of the truss elements are connected to the ones of the tetrahedral elements and therefore do not introduce additional degrees-of-freedom into the system. It can be therefore concluded that the new approach does not require finer meshes, even if complex, practically relevant structures are considered. In this section we compare the results of the proposed approach and well-known continuum-based material laws on the basis of experimental measurements. The present concept should not be considered as a new model because the micro mechanical basis is not different from the one e.g. taken by Arruda and Boyce (1993) . However, it offers the possibility to include non-affinity, arbitrary chain arrangements and finally inelastic material behaviour. Prerequisite for these extensions is the validation of the concept by means of experimental results.
For the first comparison the data of Treloar for vulcanized rubber (Treloar, 1944) are used. In that work three deformation states were investigated: uniaxial tension, pure shear and biaxial tension. Our aim is to find one material parameter set which fits all three experiments with satisfactory agreement. We compare the proposed approach with the following continuum mechanical material laws, see Table 1 . Note that in all calculations the penalty method is used to enforce (near-) incompressibility. Due to the fact that we do not present the continuum models in the volumetric-deviatoric decoupled form, the penalty parameter is here not the bulk modulus K but the Lamé constant K. A reasonable choice for it is 1000 N/mm 2 . In addition, the models include different numbers of material parameters. In the fitting procedure all three deformation states are taken into account simultaneously. For the optimized material parameters see Table 1 . The parameters of the present approach (abbreviated from now on as BR) have been identified to read n = 5.1, c = 1, N = 7.975 · 10 16 mm À3 , K = 10 6 N/mm 2 and TA = 7. For the simulations we use 8892 truss elements per mm 3 , i.e. the value f chain = 8.968 · 10 12 (N truss = 8892 mm À3 ) is obtained. At first we compare the uniaxial tension simulations (see Fig. 28 ). Here the Neo-Hooke and the MooneyRivlin models are not satisfactory in the domain of large stretches, i.e. they are not able to mirror the classical S-shape behaviour. The AB model (although it has also only two parameters) reproduces the material response very well. The results of BR are, as expected, very similar to the ones of AB. The Yeoh model shows an explicit S-shape but yields a slightly too stiff behaviour in the large stretch domain. The best agreement with the experiment is here obtained by means of the Ogden model.
The results of the pure shear test are plotted in Fig. 29 . Again the Neo-Hooke and the Mooney-Rivlin models are not able to simulate the S-shape and consequently do not show a good agreement with the experimental data. AB and BR show similar behaviour and are able to mirror the experimental data in a satisfactory manner. The curve for the Yeoh model lies in the entire stretch range above the experimental values. Again the Ogden model yields a very good agreement.
The last experiment to be investigated is the biaxial tension test. The results are plotted in Fig. 30 . The Neo-Hooke model is, as in the other test cases, not able to capture the S-shape. The Mooney-Rivlin model 
Arruda and Boyce (1993) shows the S-shape behaviour, but the stress values are much too high. AB and BR yield again similar results. Both models show too soft a behaviour in the small strain regime but the overall agreement can be considered to be satisfactory. The Yeoh model is again distinguished through an extreme S-shape. In this experiment it is clearly visible that the latter model becomes too stiff in the large stretch domain. At last, as in the previous tests, the Ogden model reproduces the experimental data in an excellent manner. In general it can be said that the AB model and the BR approach are able to reproduce the material response of the experiments in all three deformation states very well. As expected more or less the same results are obtained which is justified by the same micro mechanical approach. Both models are based on the Langevin statistics with the difference that the BR model uses more terms in the Taylor expansion of the Langevin function.
Only the Ogden model which, however, includes six material parameters is superior to the approaches AB and BR. The material parameters are not micro mechanically motivated and therefore more difficult to determine than the values of n, N, # and u.
Conclusions and outlook
In the present contribution we have developed a micro mechanically based finite element approach to model the finite deformation behaviour of rubber-like elastomers. The main advantage of the suggested procedure is that only physically based parameters are used. These are n (the number of chain segments), N (the number of chains per reference volume) and the parameter c which depends on the valence and the rotation angle of the chains. The only user-defined parameter is f chain , the ratio of the number of chains per reference volume with respect to the number of truss element per reference volume.
The comparison with experimental results shows that the present approach serves to model the material behaviour of rubber-like in different deformation states very well. We obtain results of the quality of the Arruda-Boyce model which is easily explained by the fact that both concepts have the same micro mechanical basis.
The proposed approach can be additionally used to simulate the deformation of networks with complex shape and arbitrary chain configurations. It is further possible to study the interaction between the micro and the macro mechanical behaviour in detail. In particular, we have investigated the influence of the chain length on the macroscopic response as well as the effects of non-affine deformation and inhomogeneous chain bundle arrangements. Concerning the practical use it is important to state that the numerical effort of the new concept is comparable to the computational cost of conventional finite element simulations of rubber-like structures. This is confirmed by means of several studies of convergence which show that convergence of the solution with respect to the number of elements is achieved by means of rather coarse meshes.
Future work should be directed to simulate inelastic material behaviour, e.g. the MullinsÕ effect and viscoelasticity. Inelasticity at the macro level can be explained at the micro level by the effects of chain breakage and reconnection. The present model offers the possibility to replace the constant parameter f chain by a deformation-dependent function. In this way the variation of the number of chains in dependence of stress or deformation can be modelled without noticeable additional effort. A further extension of the concept should concern the modelling of filled polymers which are of major importance in industrial applications. One promising idea to include fillers into the polymer network model is to replace certain clusters of tetrahedrons as filler particles.
